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Kinetics of Step Polymerization 
with Unequal Reactivities 

K. S. GANDHI 
and 

S. V. BABU 
The kinetics of step polymerization involving a monomer with unequal 

reactivities has been obtained. The polydisperity index (PDI) has also been 
calculated both as a function of conversion and the initial stoichiometric 
ratio. It has been shown that the usually assumed maximum value of 2 for 
PDI can lead to erroneous molecular weight. 

Department of Chemical Engineering 
Indian Institute of Technology 

Kanpur 20801 6 India 

SCOPE 
Step polymers such as polyesters, polyurethanes, etc., 

can be considered as products of reaction between two 
difunctional monomers. While it is usually assumed that 
the two groups of the monomer are equally reactive, 
many exceptions exist. Thus, a glycol containing a primary 
and a secondary hydroxyl group is an asymmetric mono- 
mer since the two groups may be expected to react at 
different rates. Similarly, the two functionalities of a 
cyclic monomer, such as an anhydride, can be expected 

to react at  differwt rates. Moreover, possibly owing to 
resonance and conformational effects, reaction of one 
of the groups of the monomer may induce asymmetry 
and alter the reactivity of the other group. Such induced 
asymmetry is found in diisocyanates. In this paper, the 
effect of the unequal reactivities on the kinetics of poly- 
merization and the evolution of the polymeric product as 
characterized by the polydisperity index (PDI) will be 
studied. 

CONCLUSIONS AND SIGNIFICANCE 
It  is shown that the results for monomers with induced 

asymmetry can be obtained from the results for cyclic 
monomers necessitating discussion of only one of them. 
If K, the ratio of the reaction rate constants of the two 
groups, is increased beyond unity, the rate of consump- 
tion of the groups, as may be expected, is found to in- 
crease. This is true for both asymmetry and induced 
asymmetry. 

In the asymmetric case, both the number average molec- 
ular weight (Mn) and the PDI increased with conversion 
or time. The PDI at the end of the reaction is independent 
of K for R < 1. However, the PDI at  the end of the re- 
action goes through a minimum followed by a broad 
maximum as R is increased beyond 1. This is shown to 
be due to the presence of unreacted monomer. A modi- 
fied PDI defined by excluding the contribution of the 
monomers does not exhibit these extrema and decreases 
monotonically as R is changed from 1. 

0001-1541-79-1893-0266-$00.95. 0 The American Institute of Chem- 
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With induced asymmetry also, M7, increases with con- discontinuity causes the PDI to increase sharply towards 
the end of the reaction. These effects are also due to un- version and time. The PDI also increases for all values 
reacted monomer and are shown to vanish when a modi- 

Of and > and goes through a for = fied PDI is defined as in the case of asymmetric mono- 
if K is around 2. The limiting values of PDI at the end mers. It was shown that the usually assumed 
of the reaction as R -* 1 from below and above are differ- value of 2 for PDI leads to erroneous weight average 
ent from each other and from its value at R = 1. This molecular weight. 

Step polymerization can generally be considered as a 
reaction between functional groups. Such polymerizations 
have been analyzed assuming that all the functional 
groups in a monomer are equally reactive. However, 
examples of monomers for which the equal reactivity 
assumption is invalid are plenty. Three types of such 
monomers are commonly encountered. 

1. Asymmetric monomers in which the groups are not 
chemically equivalent, for example, a glycol with a pri- 
mary and a secvndary hydroxyl group, since the two 
hydroxyl groups need not be equally reactive. 

2. Cyclic monomers, for example, anhydrides. The 
anhydride group generates a carboxyl group on reaction 
with a hydroxyl group, but the reactivities of the an- 
hydride and carboxyl groups are known to be different. 

3. Monomers with induced asymmetry. In such mono- 
mers, the functional groups are equally reactive till one 
of them reacts. However, upon reaction of one group, 
the reactivity of the other group is altered. For example, 
in diisocyanates, the reactivity of an isocyanate group 
depends on whether the other group has reacted or not 
(Lenz, 1967 ) . 

The effect of unequal reactivities on molecular weight 
distribution (MWD) has been investigated by Case 
(1958). However, he presented the MWD as a function 
of the probabilities of reaction of the functional groups 
and did not provide either the relationships between 
the probabilities or their relationship to the time of 
polymerization or conversion. Hence, neither the MWD 
nor the evolution of the polymeric product could be 
studied. It is the objective of this work to provide such a 
relationship and to study the effects of unequal reactivity 
on the polymerization kinetics. In the following we will 
first consider the asymmetric monomer, then show that 
the cyclic monomers and monomers with induced asym- 
metry are mathematically equivalent, and finally consider 
monomers with induced asymmetry. 

ASYMMETRIC MONOMER 

Let AlA2 be a difunctional asymmetric monomer which 
polymerizes with a symmetric difunctional monomer BB. 
The two groups Al and Az react at different rates with B 
and are identical otherwise. The reactions that can occur 
are 

k2  

k l  

,--- AlA2 + BB rrrr\ + ---.AlAzBB ---- 
-A2Al + BB N + - A2AIBB --. 

where - represents a chain, Let a, 8, and y, respec- 
tively, represent the fraction of the initial B, Al, and Az 
groups that have reacted at any time. Then, for a batch 
reactor 

dcy 
-=Ao( l - -OCki( l -rB)  + k 2 ( 1 - ~ ) 1  (3) dt 

where A. is the initial molar concentration of the asym- 
metric monomer, R = Ao/Bo, and Bo is the initial molar 
concentration of BB. Note that the initial group con- 
centration of both Al and A2 is equal to Ao. 

Dividing ( 1 )  by (2),  we get 

where K = kZ/kl. Asymmetry vanishes if K = 1, and 
then /3 = y. From stoichiometry 

Q = R(/3  + r)/2 (5) 
Using (4 )  and ( 5 ) ,  we can compute any two conversions 
in terms of the third, provided R and K are specified. 
Further, any of the conversions can be obtained as a 
function of time by integration of ( 1 )  , (2) ,  or (3). Thus, 
y can be obtained by a numerical integration of (2) ,  
after we substitute (4 )  and ( 5 )  into (2). y so obtained 
is plotted against klAot in Figure 1 for R = 1.0 and 
several values of K. When K is increased, it is equivalent 
to increasing k2, and hence y is larger for a given value 
of klAot. The behavior is similar for values of R and K 
other than those shown in Figure 1. 

The various types of molecules present at any time are 
A1A2, (BBAl&)n-IBB, (AIA~BB)~AIAz,, ( A ~ A ~ B B ) ~ A F ~ A I ,  

Asymmetric 

R =  1.0 

n 

Fig. 1. Fraction of Az groups reacted 7 as a function of time for 
asymmetric monomer for several values of K. 
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Fig. 2. The polydispersity index (Mw/Mn) as a function of fraction of 
B groups reacted (I for asymmetry and induced asymmetry for several 
values of K and R. The terminal value of PDI i s  18 for R = 1.02 and 

i s  12.1 for R = 1.5. Both are off scale in the figure. 

Asymmetric Monomer 

MPOl - -__ 

====-- 
0 l o  20 3.0 4.0 5-0 60 7.0 

R 

Fig. 3. The polydispersity index (--)and the modified polydispersity 
index (---) at  the end of the reaction as a function of initial 
stoichiometric ratio R of reactants for asymmetry for several values 

of K. 

( A ~ A I B B ) ~ A ~ A ~ ,  (AIAZBB)n, and (AZA1BB)n; n 1. 
Let the molar concentrations of these species be denoted, 
respectively, by A, q,, pnlf,  pal1,  P , ~ ~ ,  rn1, rn2. It may 

be noted that 

and # and are similarly related to these quantities. Now 
it will be assumed that a, 8, and y, respectively, are equal 
to the probabilities of reaction of B, A l ,  and A2 groups. 
Then, Case's (1958) results on MWD for the unsym- 
metric monomer can be rearranged to obtain 

m 

(rnl + r,2 + 2q,)/2Bo = 1 - 
n=l 

- - Qn - rnl - 
(1 - a)' R ( 1 -  8)  (1 - a ) y  R ( l  - y )  (1 - a)lg 

- 4 p P  - 4pnn - - 
RZ(1 - 8)'p R2(1 - y)'P 

and 

The above assumption is valid and mathematically con- 
sistent with the kinetic model contained in (l),  (2) ,  
and (3)  since it can be shown that Equations (6) are 
solutions of the respective balance equations which can 
be written in a manner similar to that of Kilkson (1964), 
keeping in mind the asymmetry of one monomer. This 
is straightforward but tedious and is not done here. From 
( 6 ) ,  the number average (M,) as well as weight average 
(a,,,) molecular weight can be evaluated. It is customary 
to use the polydisperity index (PDI), which is equal 
to xw/mn, to characterize MWD. The M, and PDI 
are given by (Case, 1958) 

(7) 
- 
M n  = ( R M A  + Ms)/(R + 1 - z(y) 

PDI=  ( R + l - k )  

M B ~ ( ~ +  R&) + &MAMB + M A ~ [ R  + R2(@ + ,/2)/2] 
(1 - R&) ( R M A  + MB)' 

( 8 )  

It should be pointed out that even though (7) and 
(8)  were obtained by Case (1958) earlier, it has not 
been possible to compute the evolution of PDI as a 
function of time since a, j3, and y were not known as 
a function of time. In fact, the PDI could not be evalu- 
ated even as a function of conversion since Case (1958) 
did not derive the relationship between /3 and y. The 
only case for which PDI could be computed based on 
his results was for R 6 1 and for complete conversion 
of the asymmetric monomer when B = y = 1 and CY = R. 
However, these are identical with the results obtained 
for a symmetric monomer ( K  = 1) and hence do not 
throw any light on the effects of unequal reactivity. 

Since the conversions can be obtained as a function of 
time, the evolution of PDI will be discussed in terms of 
conversion, instead of time, as it is more convenient to 
do so. For simplicity, we will assume M A  = M B .  

Since LY increases with time, it is clear from (7)  that 
M, also increases with time. Figure 2 shows PDI as a 
function of a for R = 1 and K = 1 (corresponding to 
a symmetric monomer) and K = 5. From the results, 
it is clear that mw increases faster than ?cr;, with time, 
and the PDI reaches a limit of 2 at the end of the reac- 
tion. This behavior is, again, typical for other values of 
R and K except that the limiting value of PDI at the 
end of the reaction is a function of R and K. 

If R < 1, BB is in excess, and hence at the end of the 
reaction, # = y = 1 and .CY = R. Thus 

- 

PDI = ( R 2  + 6R + 1)/(1 + R ) 2  

which is independent of K .  However, if R > 1, then 
AlAz is in excess, and at the end of the reaction, = 1. 
The individual values of j3 and y in this case depend upon 
K and have to be obtained by solving ( 4 )  and ( 5 )  
simultaneously. Figure 3 shows the PDI at the end of 
the reaction as a function of R for several values of K. 
The monotonic decrease of PDI as R is increased from 
unity for K = 1 is the usual result. However, for larger 
values of K, as R is increased beyond one, the PDI goes 
through a minimum followed by a broad maximum. An 
extreme case of such behavior is provided by the math- 
ematical limit of K + cu. In this limit, # = 0 and AIAz 
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acts like a monofunctional monomer, permitting formation 
of only trimers of the type A1A2BBA2A1. Increasing R 
beyond unity corresponds to starting with AlA2 in excess 
of BB, and when K + to, all the excess AIAz monomer 
goes into the trimer as long as R 2. When R = 2, 
the reaction mixture is monodispersed since it contains 
only trimers. Any further increase in R, that is, R > 2, 
corresponds to adding additional AIAz which can not 
react and which only dilute the monodispersed mixture, 
thus increasing the PDI. If R is increased further, the 
mixture will tend towards pure monomer, decreasing 
the PDI. The maximum and minimum in PDI obtained 
for finite values of K are also due to similar effects. As R 
is increased from unity, a significant amount of the 
excess AIAz monomer goes into the polymer, and this 
amount decreases with increasing R. 'Thus, as R is in- 
creased further, a sizeable amount of the excess AIAz 
monomer remains unreacted and merely dilutes the reac- 
tion mixture, resulting in increased PDI. A further in- 
crease in R will make the system approach the pure 
monomer again, thus decreasing the PDI. Hence, one 
may expect that at  the point where the PDI goes through 
a minimum, half the amount of the excess monomer 
that is added to increase R remains unreacted. The 
unreacted monomer concentration is given by RBo(1 - 
/3) (1 - y ) .  Thus, if R is increased by 6, the excess 
amount of monomer added is cBo, and the fraction of 
this which remains unreacted is given by { [ R(  1 - p )  

Hence, at the minimum 
( 1  - Y)lR+c-[R(1 - @ ) ( I  - Y)IR)/(H 4- - R ) .  

This, indeed, has been confirmed by numerical calculation. 
This explanation of the maximum and minimum is 

further confirmed by recalculating xw, M,,, and PDI, 
excluding the contribution of both the monomers. Such 
a modified PDI (MPDI) and number average molecular 
weight (M,,') are given, for M A  = MB, by 

- 
M,' = MA 

4a - R$y - a' 
2a - R/3y - a' 

MPDI = 

( 2 ,  - R,Sy - a2) 
(a - R&)' + R & ( l -  a)2 + 80: 

(1  - RBy) (4a - R@y - a')2 

The variation of MPDI with R for several values of K 
is also shown in Figure 3. The maximum and minimum 
are absent, confirming that these were caused by the 
unreacted monomer. 

When K is increased beyond 1, the A2 groups are less 
in number, and the polymers are more likely to have A1 
ends. But K > 1 implies lower reactivity of Al ends, 
and hence the number of polymer molecules is likely 
to be less. This, in turn, leads to smaller weight fraction 
of larger molecules and hence narrower MWD. Figure 
2 also shows that, for a given value of R, the PDI (as 
well as MPDI) decreases with increasing K ,  resulting 
in a narrower MWD. 

CYCLIC MONOMERS 

Denote a cyclic monomer by AC and the symmetric 
monomer with which it polymerizes by BB. C is gen- 
erated only after the A group reacts with B .  Thus, the C 
group in an AC monomer can react with B only after A 
has reacted, Taking an anhydride as an example of a 
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cyclic monomer, A will be the anhydride group and C 
the carboxyl group. The reactions for such systems are 

[ C l  

k2 

- BB + AC 4 . v~*h  BBAC 

-BB+ C A - + m B B C A m m  

It is to be noted that the A group can not be present 
as an end ok a cham and must always be present as a 
monomer only. Let (Y and 8, respectively, be the fractions 
of inirial b groups and cyclic monomers that have reacted. 
Let y be the ratio of the number of C groups that have 
reacted to the initial number of AC molecules. Since 
each A group that reacts generates a C group, the con- 
centratioii of the C groups at  any time is given by 
Ao(P - y ) ,  where A0 is the initial molar concentration 
ok the 'cyclic monomer. The kinetic equations for the 
svstem are 

(9) 

where R = Ao/Bo, and Bo is the initial molar concentra- 
tion of BB.  Dividing (10) by (9), we get 

dY ( B  - Y )  

d/3 (1 - 8)  
- = K  

and solving this 

(12) 
= / 3 +  ( l - @ ) l n ( l - @ )  K = l  

Again, by stoichiometry 

51 = R ( B  + Y)/2 (13) 
The various types of molecules present at any time 

are AC, (CABB),AC, (CABB),, and (BBAC)n-,BB; 
n 1. Let their molar concentrations be respectively 
represented by A, p,, r,, and qn. Now, if we again as- 
sume that a and p are, respectively, equal to the prob- 
abilities of reaction of a B group and of the cyclic 
monomer, Case's (1958) results on MWD can be re- 
arranged to obtain 

p n  - rn - Q. - - 
(0 :  - Ry)' 2 ( 1  - a) (a - R y )  ( 1  -a)' 

and 
= Bo(Ry)n-l;  n A  1 (14) 

A = A , ( l - f i )  

The consistency and validity of the above assumption 
can be shown, as for the asymmetric monomer, by proving 
that Equations (14) are solutions of the appropriate 
balance equations. The x,, is still given by ( 7 ) ,  but 
for this case the PDI is given by (Case, 1958) 
PDI 

- M B ~ ( ~  + Ry) + 4 o M a M ~  + MA'[%' + R ( 1 -  R Y ) ]  - 
(1 - RY) ( R M A  + MB)' 

( R +  1-244 (15) 

It  may be pointed out again that as in the case of the 
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kl Aot  
Fig. 4. Fraction of B groups reacted a as a function of time for 

induced asymmetry for several values of K. 

asymmetric monomer, even though (14) and (15) were 
derived earlier by Case (1958), they could not be used 
for computing PDI either as a function of conversion 
or time. It will be shown below that the results for 
cyclic monomers are equivalent to the results for mono- 
mers with induced asymmetry. Hence, only monomers 
with induced asymmetry will be discussed in detail. 

MONOMERS WITH INDUCED ASYMMETRY 

Consider the polymerization of AA and BB, but let 
induced asymmetry be present in AA. Thus, once one 
of the A groups of the monomer reacts, the other A 
group reacts at a rate different from the h s t  group. But 
if one of the A groups of AA monomer reacts, the other 
A group is present at  the end of a chain. Hence, the 
consequence of induced asymmetry is that any A group 
attached to a polymer reacts at a rate different from 
the A groups of the monomer. The reactions for this 
system, then, are 

k l  
A A + B B  +AABB 

ka 
B B + A A  3 BBAA 

Let -a and fl, respectively, be the fraction of initial B 
groups and moles of AA that have reacted. Let y be the 
ratio of number of A groups attached to a chain that 
have reacted to the initial number of AA molecules. 
Since each AA monomer that reacts generates an A 
group at the end of a chain, the concentration of A 
groups present at the end of a chain at any time is given 
by Ao(8 - y ) ,  where A0 is the initial molar concentra- 
tion of AA. The rate equations are 

da - = Ao(1-  a) [2ki(l- 8 )  + k 2 ( 8  - r>l (18) dt  
where R = Ao/Bo, and Bo is the initial molar concentra- 
tion of BB. Equations (16) to (18) are identical with 
(9) to (11) if 2kl in (16) to (18) is replaced by kl. 
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Fig. 5. The fraction of polymeric A groups (based on the monomer 
molecules) which have reacted as a function of time for several 

values of K. 

Thus, the fractional conversions in the case of induced 
asymmetry and for cyclic monomers are mathematically 
equivalent under the transformation 2kl + kl. Thus, 
(12) is altered to 

1 - ( 1  -Js)  =] 2 K # 2  

(19) 
i 2 ( 1 -  8)  

r = 8 -  K - 2  

= / 3 + ( 1 - @ ) I n ( l - B )  K = 2  

where K = kz/kl, while (13) still holds. The various 
types of molecules present are AA, (AABB) nAA, ( AABB) n, 
and (BBAA),-lBB; TI 1. If we denote the molar con- 
centration of these species, respectively, by A, p n ,  rn, 
and q,, it can be shown that Equations (14) are soh- 
tions of the balance equations of the various species, with 
a, 8, and y given by (16) to (18). Hence, the-, and 
PDI are given, respectively, by (7)  and (15), where 
M A  now represents the molecular weight of AA. Thus, 
the results on MWD for induced asymmetry are also 
equivalent to those obtained for a cyclic monomer as 
long as kl in the results for the latter is replaced by 2kl. 

RESULTS FOR INDUCED ASYMMETRY 

Equation ( 18) was integrated after substitution of 
(13) and (19) to obtain o as a function of klA& A 
typical plot of a against klAot is shown in Figure 4 for 
R = 1.0 and several values of K. As expected, when K 
is increased, which is equivalent to increasing kz,  a in- 
creases more rapidly with time. By using (13) and (19) 
along with results of the above integration, y versus time 
is plotted in Figure 5, displaying the sigmoidal type of 
behavior observed. 

The PDI a n d z ,  are again chosen to characterize the 
evolution of the polymeric product. Again, for simplicity, 
it was assumed that M A  = M g .  As -a increases with time, 
it is clear that M, increases with time. A plot of PDI 
against o for several values of R and K is shown in 
Figure 2. For most values of R and K, it  is clear that 
M ,  increases faster than-, as is usually expected. How- 
ever, for R = l and for values of K around 2, the PDI 
goes through an unusual maximum. For example, the 
PDI for R = 1 and K = 2 has a maximum near a = 
0.97 and then decreases, reaching the limiting value of 

- 
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Fig. 6. The polydispersity index (-1 and the modified polydispersity 
index (----I at  the end of the reaction as a function of initial 
stoichiometric ratio for several values of K. Note the discontinuity in 

PDI a t  R = 1. 

2 at the end of the reaction. Moreover, the limiting values 
of PDI at the end of the reaction also show very peculiar 
behavior. 

For R < 1 at the end of the reaction, the PDI is given 
by (R2  + 6R + 1 ) / ( 1  + R ) 2  and is independent of K. 
However, for R = 1 at the end of the reaction, PDI is 
2 if K f 2 and is 4 ( K  - 1)/K if K 2. Thus, the limit 
of PDI as R + 1 from below and the value of PDI at 
R = 1 are different if K > 2, showing a discontinuity. 
The terminal value of PDI for R > 1 has to be computed 
numerically. However, the limit reached by PDI as 
R 3 1 from above can be obtained by an analysis of 
PDI around a = 1 and R = 1. Let (Y = 1 - 6 and 
R = 1 + E ,  where 8 and P are small quantities. Then, 
keeping only terms of fist  order in 6 and C, it can be 
shown that 

€+a K > 2  K PDI = 2 

K - 1  + a ( X - r )  
= 2  K 6 2  

The limit obtained by first letting c + 0 and then 
8 + 0 corresponds to approaching the end of the reaction 
at R = 1, and the limit is 4 ( K  - 1 ) / K  as mentioned 
earlier. The limit obtained by first letting 6 + 0 and 
then c + 0 corresponds to the value of PDI at the end 
of the reaction as R 3 1 from above, and it is given 
by 2 ( K  - 1) .  Thus, we have another discontinuity, 
between the PDI at R = 1 and the limit of PDI as R + 
1 from above, if K > 2. 

This behavior is shown in Figures 2 and 6. For illus- 
tration, we confine ourselves to K = 10. For R = 1, as 
shown in Figure 2, PDI rises gradually and reaches a 
limiting value of 3.6. But when R is changed to 1.02, 
the PDI is almost unchanged till a reaches a value of 
about 0.9, then starts increasing dramatically to reach 
a value of 18 (off scale in Figure 2) at a = 1. The 
behavior is similar for R = 1.5 except that limiting value 
of PDI is 12.1 (off scale in Figure 2) .  A qualitative 
explanation of this steep increase may be as follows. A 
value of K larger than 1 implies that when CY is close to 
1, any decrease in the monomer concentration leads to 
the formation of very high polymers. When R > 1, as 
LI 3 1, the reaction products are therefore a mixture 
of monomer and increasing amounts of high polymers. 
This leads to a sharp increase in the PDI. 

2.0 - 
Induced Asymmetry 

R ~ 1 . 5  ----- 

1-5 - 

1.0 
0. f4 0-6 0.8 1.0 

a 
Fig. 7. The modified polydispersity index as a function of u (extent 

of reaction of B groups). 

Even though a similar qualitative explanation of either 
the discontinuity in PDI at the end of the reaction at 
R = 1 or the maximum observed in PDI as a function 
of conversion cannot be given, we feel that these effects 
are also due to the unreacted monomer. 

That these effects are again due to unreacted monomer 
is confirmed by looking at the modified PDI and x,,' 
defined, as in the case of the asymmetric monomer, by 
excluding the contribution of both the monomers. 

MPDI 

- 
Mn' = M A ( R @  + 2ar - 2 ) / ( R @  - a2) 

(1 - R y )  (R@ + %a - a2) -t 4, + 2a2 + 2Ry 
(RB+ 2a - a2)2( 1 - R y )  

- - 

(R@ - 
The MPDI at the end of the reaction is shown as a 
function of R in Figure 6, and the MPDI is shown as a 
function of conversion .a in Figure 7. The absence of 
maximum as well as discontinuities is evident, 

I 4 , I I 01 
1 10 20 30 40 50 60 70 80 90 KK) 

N- 

Fig. 8. Weight fraction of molecules containing N monomer units. 
N i s  sum of the numbers of AA and B8 units present in the molecule. 
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Our results point to the weakness in assuming, as is 
usually done, that the maximum value of PDI for con- 
densation reactions in a well-mixed batch reactor is 2. 
Thus, if a polymerization reaction is controlled by mon- 
itoring the number average molecular weight, the result- 
ing =, can be widely different, depending on whether 
R was slightly below or above 1. Thus, for K = 10, 
if R is 0.99, a,, is 100 M A ,  and a, is 200 MA, but if R 
is changed to 1.01, mn remains the same, but M, be- 
comes 1800 M A .  In this connection, it is to be noted 
that the maximum value attained by MPDI (and not 
the PDI) for all R is 2, but a modified definition of 
number average has to be employed to get the value 
of M,. Since the unreacted monomer contributes only 
negligibly to M,, this is almost the same as M,’. Thus, 
though xn and M,‘ will be widely different, the M, 
andx,’ are almost equal. 

When K > 2, another unusual feature is observed in 
the MWD itself, At sufficiently large but incomplete 
conversion, the probability (Y - y of finding an unreacted 
A group attached to a polymer is so low that it is less 
than the product of the probability 7 of reaction of an A 
group attached to a polymer and the probability ( I  - a) 
of finding an unreacted B group. Hence, the weight 
fraction of the species of the type (BBAA), is lower 
than the weight fraction of the species of the type 
(BBAA),BB. Thus, the weight fraction of any species 
containing an even number of units is less than the 
weight fraction of the next larger species containing one 
more unit, even when n is large. This disparity in the 
weight fractions is so large that two separate curves, 
one each for molecules containing even and odd number 
of units, may be drawn as done in Figure 8 for K = 5. 
This disparity is present, though in a decreased form, 
even when (Y + 1. 

NOTATION 

A 
A. 

= molar concentration of AIAz or AC or AA 
= initial molar concentration of AlA2 or AA or AC 

Bo 

kl, k2 = reaction rate constants of the monomer 
M A  = molecular weight of AlAz or AA or AC 
M B  = molecular weight of B B  
M ,  = number average molecular weight 
M,’ = number average molecular weight, excluding the 

M ,  = weight average molecular weight 
M,’ = weight average molecular weight, excluding the 

monomeric contribution 
pa = molar concentration of polymer having ( n  + 1) 

units of AlA2 or AC or AA and n units of BB, 
the superscripts indicate the end group in case 

= molar concentration of polymer having ( n  - 1) 
units of AIAz or AC or AA and n units of BB 

= molar concentration of polymer having n units 
of AIAz or AC or AA and n units of BB, super- 
script indicates the end group in case of AIAz 

= initial molar concentration of BB 
K = kz /k l  

- 
- 

monomeric contribution - 
- 

of AlAz 

qn 

r, 

R = Ao/Bo 
t = time 
a 

/3 

y 

= fraction of initial B groups that reacted 
= fraction of initial Al groups or cyclic monomer 

or monomer with induced asymmetry that reacted 
= ratio of initial A2 groups or C groups or poly- 

meric A groups that reacted to the initial num- 
ber of the corresponding monomer molecules 
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Effectiveness Factors and Mass Transfer 
in Trickle-Bed Reactors 

Rates of hydrogenation of a-methyl styrene were measured at 40.6OC 
and 1 atm in a recycle, trickle-bed reactor using a palladium/aluminum 
oxide catalyst. Data for different hydrogen concentrations in the gas and 
liquid feed streams suggested that except, at high liquid flow rates, on 
part of the outer surface of the catalyst the mass transfer limitation was 
very small, indicating a gas covered type of surface. A procedure was 
developed for evaluating effectiveness factors for the nonuniform boundary 
conditions existing when part of the particle surface is covered by gas. 
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and 
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University of California 
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SCOPE 
In downflow of liquid and gas over a bed of catalyst wetting efficiencies, have been measured indirectly (for 

particles, in the gas continuous regime (Charpentier, example, Colombo et a]., 1976; Srtterfield, 1975; Satter- 
1976), the outer surface of the particles may not be com- field and OzeI, 1973; Schwartz et al., 1976; Morita and 
pletely covered with liquid. Fractional coverages f, or Smith, 1978) and found to be between about 0.6 and 1.0. 

If at least one limiting reactant is in the gas Dhase. as in 
0 O L  

hydrodesulfurization, incomplete coverage may affect the 
global rate and reactor design. The rate is expected to 0001-1541-79-2313-0272-$01.35. 0 The American Institute of Chem- 

ical Engineers, 1979. 
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